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1. Introduction

By the celebrated Whitney theorem [24], for each compact set K C R? by means of a continuous
linear operator one can extend jets of finite order from EP(K) to functions defined on the whole space,
preserving the order of differentiability. In the case p = oo, the possibility of such extension crucially
depends on the geometry of the set. Following [21], let us say that K has the extension property (EP) if
there exists a linear continuous extension operator W : £(K) — C°(R?). Clearly, there always exists
a linear extension operator (one can individually extend the elements of a vector basis in £(K)) and a
continuous extension operator, by Whitney’s construction. Numerous examples show that a set K has EP
provided “local thickness” of K. For example, any set K with an isolated point does not have EP ([14],
Prop. 21).

B.S. Mityagin posed in 1961 ([14], p. 124) the following problem (in our terms):

What is a geometric characterization of the extension property?

We show that there is no complete characterization of that kind in terms of densities of Hausdorff contents
of sets or analogous functions related to Hausdorff measures.

This is similar to the state in Potential Theory where R. Nevanlinna [15] and H. Ursell [22] proved that
there is no complete characterization of polarity of compact sets in terms of Hausdorff measures. The scale
of growth rate of functions h, which define the Hausdorff measure A, can be decomposed into three zones.
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For h from the first zone of small growth, if 0 < Ap(K) then the set K is not polar. For h from the zone of
fast growth, if A, (K) < oo then the set K is polar. However, there is a zone of uncertainty between them.
It is possible to take two functions with hy < h; from this zone and the corresponding Cantor-type sets K
with 0 < Ap; (K;) < oo for j € {1,2}, such that the large (with respect to the Hausdorff measure) set K>
is polar, whereas the smaller K is not polar.

Here we present a similar example of two Cantor-type sets: the smaller set has EP whereas the larger
set does not.

Of course, such global characteristics as Hausdorff measures or Hausdorff contents cannot be used, in
general, to distinguish E P, which is defined by a local structure of the set. One can suggest for this reason
to characterize EP in terms of lower densities of Hausdorff contents of sets, because (see Section 9) densities
of Hausdorff measures cannot be used for this aim. We analyze a wide class of dimension functions and
show that lower densities of Hausdorff contents do not distinguish EP.

Neither EP can be characterized in terms of growth rate of Markov’s factors (M, ())22, for sets. Two
sets are presented, K7 with EP and Ky without it, such that M,,(K7) grows essentially faster than M, (K>)
as n — 0o. It should be noted that, by W. Plesniak [17], any Markov compact set (with a polynomial growth
rate of M, (-)) has EP. All examples are given in terms of the sets K () introduced in [10]. The paper sums
up the research related to the problem by the first author in the last two decades.

The organization of the paper is the following. Section 2 is a short review of main methods of extension;
in it we also consider the Tidten—Vogt linear topological characterization of E'P. In Section 3 we give some
auxiliary results about the weakly equilibrium Cantor-type set K(v). In Section 4 we use local Newton
interpolations to construct an extension operator W. Section 5 contains the main result, namely a char-
acterization of EP for £(K (7)) in terms of a sequence related to . In section 6 we compare W with the
extension operator from [12], which is given by individual extensions of elements of Schauder basis for the
space E(K(v)). In Section 7 we consider two examples that correspond respectively to regular and irreg-
ular behaviour of the sequence 7. In Section 8 we calculate Ap(K (7)) for the dimension function h that
corresponds to the set and show that Ap|x(,) coincides with the equilibrium measure of K (). Also in this
section we present Ursell’s type example for EP. In Section 9 we consider Hausdorff contents and related
characteristics. In Section 10 we compare the growth of Markov’s factors and EP for K (7).

For the basic facts about the spaces of Whitney functions defined on closed subsets of RY see e.g.
[3], the concepts of the theory of logarithmic potential can be found in [18]. Throughout the paper, log
denotes the natural logarithm. Given compact set K, Cap(K) stands for the logarithmic capacity of K,
Rob(K) = log(1/Cap(K)) < oo is the Robin constant for K. If K is not polar then ug is its equilibrium
measure. For each A C R, let #(A) be the cardinality of A, |A| be the diameter of A. Given a finite set
A = (am) and x € R, by (di(z, A)) we denote distances from « to the points of A arranged in nondecreasing
order, so di(z, A) = |z — am,| /. Also, [a] is the greatest integer in a, > y_, (---)=0and [[}_, (---)=1
if m > n. The symbol ~ denotes the strong equivalence: a, ~ b, means that a,, = b,(1 + o(1)) for n — oo.

2. Three methods of extension

Let K C R? be a compact set, o = (a;)}—; € N§ be a multi-index. Let I be a closed cube containing
K and F(K,I) = {F € C®(I) : F(*|g = 0, Ya} be the ideal of flat on K functions. The Whitney
space E(K) of extendable jets consists of traces on K of C'™°-functions defined on I, so it is a factor space
of C*°(I) and the restriction operator R : C*°(I) — E(K) is surjective. This means that the sequence
0 — F(K,I) N (1) RN E(K) — 0 is exact. If it splits, then the right inverse to R is the desired
linear continuous extension operator W and K has EP.

In [21] M. Tidten applied D. Vogt’s theory of splitting of short exact sequences of Fréchet spaces (see
e.g. [13], Chapter 30) and presented the following important linear topological characterization of EP:
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a compact set K has the extension property if and only if the space E(K) has a dominating norm (satisfies
the condition (DN)).

Recall that a Fréchet space X with an increasing system of seminorms (|| - ||x)72, has a dominating norm
|| - |p if for each ¢ € N there exist r € N and C > 1 such that || - [[2 < C|[- ||| - ||

Concerning the question “How to construct an operator W if it exists?”, we can select three main methods
that can be applied for wide families of compact sets.

The first method goes back to B.S. Mityagin [14]: to extend individually the elements (e,)%2; of a
topological basis of £(K). Then for f = Y77 | &, e, take W(f) =>.07 &, W (e,). See Theorem 2.4 in [23]
about possibility of suitable simultaneous extensions of e,, in the case when K has a nonempty interior. The
main problem with this method is that we do not know whether each space £(K) has a topological basis,
even though £(K) is complemented in C*°(TI). This is a particular case of the significant Mityagin—Pelczyriski
problem: Suppose X is a nuclear Fréchet space with basis and F is a complemented subspace of X. Does F
possess a basis? The space X = s of rapidly decreasing sequences, which is isomorphic to C°°(I), presents
the most important unsolved case.

The second method was suggested in [16], where W. Pawlucki and W. Ple$niak constructed an extension
operator W in the form of a telescoping series containing Lagrange interpolation polynomials with Fekete
nodes. The authors considered the family of compact sets with polynomial cusps, but later, in [17], the result
was generalized to any Markov set. In fact (see T.3.3 in [17]), for each C°° determining compact set K, the
operator W is continuous in the so-called Jackson topology 7; if and only if 7; coincides with the natural
topology 7 of the space £(K) and this happens if and only if the set K is Markov. We remark that 7; is
not stronger than 7 and that 7; always has the dominating norm property, see e.g. [2]. Thus, in the case of
non-Markov compact set with EP ([5,2]), the Pawlucki-Ple$niak extension operator is not continuous in 7y,
yet this does not exclude the possibility for it to be bounded in 7. At least for some non-Markov compact
sets, the local version of this operator is bounded in 7 ([2]).

In [4] L. Frerick, E. Jord4, and J. Wengenroth showed that, provided some conditions, the classical
Whitney extension operator for the space of jets of finite order can be generalized to the case £(K). Instead
of Taylor’s polynomials in the Whitney construction, the authors used a kind of interpolation by means of
certain local measures. A linear tame extension operator was presented for £(K), provided K satisfies a
local form of Markov’s inequality.

There are some other methods to construct W for closed sets, for example Seeley’s extension [19] from a
half space or Stein’s extension [20] from sets with the Lipschitz boundary. However these methods, in order
to define W (f,z) at some point x, essentially require existence of a line through = with a ray where f is
defined, so these methods cannot be applied for compact sets.

Here we consider rather small Cantor-type sets that are neither Markov nor local Markov. We follow [2]
in our construction, so W is a local version of the Pawlucki-Plesniak operator. It is interesting that, at least
for small sets, W can be considered also as an operator extending basis elements of the space. Thus, for
such sets, the first method and a local version of the second method coincide.

3. Notations and auxiliary results

In what follows we will consider only perfect compact sets K C I = [0, 1], so the Fréchet topology 7 in
the space £(K) can be given by the norms

(B3 )™ ()]

_k :x7y€K7I#y’k:07l7"'7q
|z — yl?

1 llg = [flq.xc + SUP{

for ¢ € Ny, where |f|, x = sup{|f®(z)| : * € K,k < q} and Rif(x) = f(z) — T f(z) is the Taylor

remainder.
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Given f € E(K), let ||| f ||l 4 = inf | F'| 4,1, where the infimum is taken over all possible extensions of f to
F € C*(I). By the Lagrange form of the Taylor remainder, we have || f ||, < 3| F'| 4,1 for any extension F.
The quotient topology 7, given by the norms (||| - [||5.,), is complete and, by the open mapping theorem,
is equivalent to 7. Hence, for any q there exist » € N, C' > 0 such that

A lla <CIFI (1)

for any f € £(K). In general, extensions F' that realize ||| f |||, for a given function f, essentially depend
on q. Of course, the extension property of K means the existence of a simultaneous extension which is
suitable for all norms.

Our main subject is the set K(v) introduced in [10]. For the convenience of the reader we repeat the
relevant material. Given sequence v = (75)%%; with 0 < v, < 1/4, let ro = 1 and r; = v,r2_; for s € N.
Define Py(x) = x(x — 1), Pos+1 = Pas(Pas +75) and Fs = {& € R : Pysyi(z) < 0} for s € N. Then
Iis| = 0as s — oo
Here, (Pos + 15/2)(Es) = [—1s/2,7r5/2], so the sets E, are polynomial inverse images of intervals. Since
Es+1 C E5, we have a Cantor-type set K () := N2, FEs.

In what follows we will consider only  satisfying the assumptions

E, = U?;Ij,s, where the s-th level basic intervals I, are disjoint and max;<j<as

vk <1/32 for keN and Z'yk<oo. (2)
k=1

The lengths I; s of the intervals I; ; of the s-th level are not the same, but, provided (2), we can estimate
them in terms of the parameter d; = 172 - - - vs ([10], L.6):

Js <ljs <Cpds for 1<j<2% (3)

where Cp = exp(16 Zzil ). Each I; s contains two adjacent basic subintervals Io;_i s41 and Isj s11. Let
hjs =1js —loj—1,s+1 — l2j,s+1 be the distance between them. By Lemma 4 in [10],

hj7s > (1 - 4’}/34_1)[]‘73 > 7/8 : lj7s > 7/8 -0g for all 7 < 29, (4)

In addition, by T.1 in [10], the level domains D, = {z € C: |Pa:(2) 4+ r4/2| < r5/2} form a nested family
and K(y) = N2, Ds. The value Ry = 2 %log2 + > ,_,2 ¥ log ,%k represents the Robin constant of Dj.
Therefore, the set K (7) is non-polar if and only if Rob(K (v)) = >~ , 2 " log %ﬂ =>> 2" log ﬁ < 0.

We decompose all zeros of Pss into s groups. Let Xo = {z1,22} = {0,1}, X7 = {23, 24} = {l11,1 —
loat, - Xe = {lig, lig—1 — log, -+ 1 —low g} for k < s — 1. Thus, X = {@ : Py(x)+rp = 0} contains
all zeros of Prt1 that are not zeros of Por. Set Vs = Uj_qXi. Then Po:(z) = [[,, ¢y, , (# — x). Clearly,
#(X,) = 2° for s € N and #(Y;) = 2°F! for s € Ng. We refer s-th type points to the elements of Xj.

The points from Y; can be ordered using, as in [8], the rule of increase of type. First we take points from
Xo and X; in the ordering given above. To put in order the set X, for 1 < j < 4, we take ;44 as the
point of the second type which is the closest to ;. Thus, x5 = x1 + 11,2, ¢ = 2 —l4,2,--- and the ordered
set Xy is {5, x7, 28, 6 }. In other words, the ordered set Xs can be obtained from Xy U X if we arrange
this set in increasing way and enlarge every index of = by 4. Similarly, each Xy = {@or 1, -, Zor+1} can
be ordered. See [12] for more details.

In the same way, any N points can be chosen on each basic interval. Suppose 2" < N < 2"+ and the
points Z = (w;s)N_, are chosen on I; ¢ by this rule. Then Z includes all 2" zeros of Pastn on I; 5 (points
of the type < s+mn — 1) and some N — 2" points of the type s+ n. In what follows, we write Z = (2x j.s)~_,
or Z = (z;;)N_,, when no confusion can arise, for the same set in the order of increasing.

We use two technical lemmas from [12]. We suppose that v satisfies (2).
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Let 2" < N < 2"*! and a basic interval I; ; be given. Suppose Zn = (1 ;.5)N_, and Zni1 = (2gj.s)ny

are chosen on I ¢ by the rule of increase of type. Write C; = 8/7 - (Cy + 1).

Lemma A. (Lemma 2.2 from [12]) For each x € R with dist(z, K(v) N 1)) < 0s4n and z € Zny1 we have
53"!‘” Hg:2 dk(l’,ZN) S CiN ;CV:—; dk(Z,ZN+1).

Let (zk)]k\[:"’l1 be the same set Zxn1 but arranged in ascending order. For ¢ = 2™ — 1 with m < n and
1<j<N+1—gq,let J={z,--,2j14} be 2™ consecutive points from Zy;. Given j, we consider all
possible chains of strict embeddings of segments of natural numbers: [j,j + ¢] = [ao, bo] C [a1,b1] C --- C
[an—q,bn—q] = [1, N + 1], where ar = ax—1, by =bg—1 +1oray =ap—1 — 1, by =by_q1 for 1 <k <N —q.
Every chain generates the product HkN:_lq (2b, — 2a,, ). For fixed J, let TI(J) denote the minimum of these
products for all possible chains.

Lemma B. (Lemma 2.3 from [12]) For each J C Zn41 there exists Z € J such that Hfqulg di(Z,Zn41) <
II(.J).

We will characterize EP of K(7) in terms of the values By = 27571 . log é that have Potential Theory
meaning: Rob(K (7)) =Y 7, Bi. The main condition is (compare with (3) in [9]):

BnJrs

ST — 0 as n — oo uniformly with respect to s. (5)
k=s Pk

We see that this condition allows polar sets.

Example 1. Let 7; = exp(—4B) and ~;, = exp(—2*B) for k > 2, where B > %log327 so (2) is valid. Here,
By, = B for all k. Hence (5) is satisfied and the set K () is polar.

The condition (5) means that
Ve dsg, Ing : Bsan < e(Bs+ -+ Bsyyn) for n>ng, s > sq. (6)
Clearly, instead of Jsg one can take above Vsg. Let us show that (6) is equivalent to
Ver Vm € NgAN : Beynem + -+ Bsyn <e1(Bs+ -+ + Bsyn-m-1), n > N,s > 1. (7)

Indeed, the value m =0 in (7) gives (6) at once. For the converse, remark that in (7) we can take €1 (Bs +
-+++ Bg1y) on the right side, so here we consider (7) in this new form. Suppose (6) is valid. Given €; and m,
take € = £1/(m + 1) and the corresponding value ng from (6). Take N = ng + m. Then for n > N and
0 <k <m wehave n —k > ng, $0 Bsin—k < &(Bs+ -+ Bsin—k) < &(Bs+ -+ Bsip). Summing these
inequalities, we obtain a new form of (7).

It follows that the negation of the main condition can be written as

s+n s+n—m-—1
JeIm:YN3In>N: > Bp>e Y  Bifors=s;1oo. (8)
st+tn—m s

Also, (6) is equivalent to

Ve Im,ng, So : Bsin < E(Bsan—m + -+ Bsin—1) for n > ng, s > sg. (9)
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Indeed, comparison of right sides of inequalities shows that (9) implies (6). Conversely, given €, take ng such
that (6) is valid with €/(1+¢) instead of €. Take m = ng. Then for n > ng, s > so we have § = s+n—m > sg
and, by (6), Bsyn = Bsym < 15z(Bs + -+ Bsym), which is (9).

We will use a “geometric” version of (9) in terms of (Jy)

m—1

VM 3m,n0,50 ¢ Osin—102n_o - 02pn_m < 021, for n > mng, s > so. (10)
4. Extension operator for £(K (7))

Here, as in [2], we use the method of local Newton interpolations. Let K be shorthand for K (). We fix
a nondecreasing sequence of natural numbers (n,)32, with ns > 2 and n, — co. Given function f on K, we
interpolate f at 2™° points that are chosen by the rule of increase of type on the whole set. Half of points
are located on K NI ;. We continue interpolation on this set up to the degree 2™'. Separately we do the
same on K N I ;. Continuing in this fashion, we interpolate f with higher and higher degrees on smaller
and smaller basic intervals. At each step the additional points are chosen by the rule of increase of type.
Interpolation on I; ; does not affect other intervals of the same level due to the following function.

Let t > 0 and a compact set E on the line be given. Then u(-, ¢, E) is a C*°-function with the properties:
u(-,t,E) =1on E, u(z,t, E) = 0 for dist(x, E) >t and sup,cp |u§£)(m7t, K)| < ¢, t7P, where the constant
¢p depends only on p. Let ¢, .

For any interval I and points (zx)n'' C I, let Q(z) = fcvjll (x — zi),wi(x) = % and
Ly(f,z,I)= ZNH (z1) wi(x) be the interpolating polynomial with nodes at these points.

We define N, = 2% — 1 and My = 2"-1—1 — 1 for s > 1, My = 1. Now, for fixed s, we take M; + 1 <
N < N, 802" < N < 2" withn € {ns_1 —1,--+ ,ns — 1}. For such N and s let tx := 051, Fix j with
1 < j < 2% Next, we choose the set Zn11 = (21,5s)0 7 = (2x)n" on I, s by the rule of increase of type
and consider, for given f € £(K (7)) and z € R, the value

Anjs(fox) = [Ln(f,2,1;s) — Ln—1(f, 2, Iy )] u(z, ty, Ij s N K).

We call A; (f,z) == Z%;MSH An ;s the accumulation sum. The last term here corresponds to the
interpolation on I; ; at 2™ points. In order to continue interpolation on subintervals of I; , let us consider
the transition sum

Tk,s(fa LL’) = [LM5+1(f7x7]k,s+1> - LNs(famvlj,s)] u(x165+n5717]k,5+1 N K)7

where we suppose 1 < k < 25t j = [%] Of course, I s+1 C Ij, s
As above, we represent the difference in brackets in the telescoping form:

2ms—1

Loty —Ind=— > [Ln(f,2.1,) — Ly (f, 2,1, 0],
N=2ns—1
Here, the interpolating set for Ly consists of M1 + 1 points of Y5y, 1 NI; s41 and N — M, points on
I; s+1. The second parameter of u is smaller than the mesh size of Z, so T} s(f, ) # 0 only near Iy sy1.
Consider a linear operator

2e+1

W(f?) LMo(f77]10 717K +Z ZAJS fa +ZTks f’ . (11)

s=0 j=1

We remark at the outset that, for fixed x € R and s, because of the choice of parameters for the function u,
at most one value A; ; does not vanish. The same is valid for T} .
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Let us show that W extends functions from E(K), provided a suitable choice of (ns)52,. Define ng =
ny = 2 and ns = [log, log (%] for s > 2. Then ns; < ngyq and

1 1 1
3 log 5_§ < 2™ <log 5—9 for s > 2. (12)

Lemma 4.1. Let (ns)22, be given as above. Then for any f € E(K (7)) and x € K(vy) we have W(f,x) = f(z).

Proof. Let us fix a natural number ¢ with ¢ > 2+10g(8Cq/7), where Cj is defined in (3). By the telescoping
effect,

W(fv .’L‘) = Slggo LMs(fawvlj’S% (13)

where j = j(s,z) is chosen in such a way that z € I ;. Asin [7],

o
| Lo, (frz o) = f@I < |1 1g Y T — 2l T wi(@) - (14)
k=1

Here n is shorthand for ns_; — 1 and s is such that My = 2" — 1 > ¢. The interpolating set (zk)%ll for
Ly, consists of all points of the type < s +mn — 1 on I; . Given point x, we consider the chain of basic
intervals containing it: x € I, ¢1n C -+ C I}, s41 C I;s. We see that I, ,1, contains one interpolating
point, I; | s+n—1 \Ij, s+n does one more z;, I;, , stn—2\Ij
for fixed k, we get

s+n—1 contains two such points, etc. Thus,

n—1,

on

q , a=1 1 e st
|z — 2] H |z — 2] < lj,s ipstn Ly stn—1-05, ) syn_o-lis
i=1,i#k

By (3), this does not exceed C3 "0 8,y Gs 102, o025, 62 a1,

On the other hand, by a similar argument, for the denominator of |wy(z) | we have

9 gn—1
> l(In,—175+n—1 : hqn,g,s-&-n—Q U hj,s

|z — 21| |2k — 2p—1| |26 — 2g1| - | 26 — 22

2n71

, by (4). It follows

for some indices ¢, —1, gn—2, - - - . The last product exceeds (7/8)%" ~20,4n—1 62,5+ 0

that
LHS of (14) < || f]| 42" CZ 1 (8Co/T) 2" 64y 6971

The expression on the right side approaches zero as s — oo. Indeed, 2" < log(1/ds—1), by (12), and
2"(8Cy/7)2" 6971 < 1 due to the choice of g. Thus the limit in (13) exists and equals f(z). O

5. Extension property of weakly equilibrium Cantor-type sets

We need two more lemmas.
Lemma 5.1. Let v satisfy (2), ¢ =2, r =2" withm <n and Z = (z5),_, with z1 < --- < z, be all points
of the type < s+n—1 on I s for some s € Ng. Let f(x) = [[_,(z — zx) forz € K(y)NIis and f =0 on

K\ T1s- Then | flo,sc() < CF-Onto-Onrot 02 s g+ 02 [fD0)] = gl (7/8) =102y -+ 62
and || fll- < 2.7l
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Proof. Fix Z that realizes |f|o x(y) and a chain of basic intervals containing this point: & € I, ni1s C

Ijjmys—1 C --- C I, s = I1s. Arguing as in Lemma 4.1, we see that |flo k() < ljonts - ljynts—1 -
n—1

I pisn--lis , which, by (3), gives the desired bound.

In order to estimate |f(?(0)|, let us remark that f(@(z) is a sum of ( ) products, each product has a
coefficient ¢! and consists of 7 — ¢ terms (z — z;). One of these products is g(z) := [Ty, (z — z1). All
products are nonnegative at x = 0, since 7 —¢ is even. From here, |f(?(0)| > ¢!-¢(0). Taking into account the
location of points from Z, we get g(0) = [T, 2 > Ay tsme1 h%s’l > (7/8)T9. 82" 2t
by (4). The bound of ||f||, is evident. O

In the next Lemma, for given 2" < N < 21 we consider Qy(z) = HkN:I(x — zp) with Zy = (2)0_,,
where the points are chosen on I; ; by the rule of increase of type. Let u(z) = u(x, d54n, Ij,s N K(7)).

Lemma 5.2. The bound |(Qn -u)®) (x)] <27 (Cy+ 1) ¢, 5#_’:1 NP ngg di(x, Zn) is valid for each p < N
and z € R.

Proof. By Leibnitz’s formula, |(Qn - u)® (z)| < 37 ()|Q§\Z]) (x)] ep— l65+n Since dj increases, we have
|Q§V)( )| < % Hk:i+1 di(z, Zy). This gives

|(Qn - u) P (2)| < 2P ¢, 8, F, - [nax (N Gsyn) H di(z, ZN). (15)
k=i+1

The set Zn consists of 2" endpoints of subintervals of the level s4+n—1 covered by I; ; and N —2" points
of the type s + n. Here, dist(z,[; s N K) = |z — x| < ds4p for some xg. Let 2 € I; 549 C Lim,s4n—1. Then
I s+n—1 contains from 2 to 4 points of Zn. In all cases, di(z, Zn) < li s4n + 0s4n < (Co+ 1)0s4n, by (3).
Also, ds4n/2 < d2 < (Cp + 1)d54n—1. Here the lower bound corresponds to the case #(I; s4n N ZN) = 2,
whereas the upper bound deals with #(l s4n—1 N Zy) = 2. Similarly, d3 > Ay s4n—1 — 0s4n. From (4)
and (2) it follows that d3 > 7/8 dsn—1 — dsn > 27 ds4n. This gives 6.1 dip1 -+ -dn < (Co+1)da -+~ dy for
0 <i <pand, by (15), the lemma follows. O

We can now formulate our main result.
Theorem 5.3. Suppose v satisfies (2). Then K(v) has the extension property if and only if (5) is valid.

Proof. Recall that the extension property of a set is equivalent to the condition (DN) of the corresponding
Whitney space. Due to L. Frerick [3, Prop. 3.8], £(K) satisfies (DN) if and only if for any € > 0 and for
any ¢ € N there exist 7 € N and C' > 0 such that |- |['*¢ < C|-]ox || -]|. Hence, in order to prove that
(5) is necessary for EP of K(v), we can show that (8) implies the lack of (DN) for £(K (7)), that is there
exist € > 0 and ¢ such that for any r € N one can find a sequence (f;) C £(K(vy)) with

|fJ|1+E|fJ|0K I £ill5 ¢ as j — oo.

Let us fix € and m from the condition (8) and take ¢ = 2™. For each fixed large r (clearly, we can take it in
the form r = 2") and s; defined by (8), we consider the function f; given in Lemma 5.1 for s = s;. Then

— _ m—1 _ m n—1
C | fj|1¢1+6 | f]| O,IK(fy) || f]” r c > (6’ﬂ+8 : 6n+8*1 ' 6377‘1’572 T 6721+sfm) 1(6Z+sfm71 e 63 )87

where C' does not depend on j. The right side here goes to infinity. Indeed, its logarithm is 25 {2B,, s +
Bhys—1+ -+ Buys—m — €[Bnts—m—1 + -+ + Bs]} and the expression in braces exceeds Bj4s by (8).
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Therefore, the whole value exceeds 2" 4B, ,, = %log ﬁ, which goes to infinity when s = s; increases.
Thus, EP of K(v) implies (5).

For the converse, we consider the extension operator W from Section 4, where (n;) are chosen as in (12).
We proceed to show that W is bounded provided (10), which is equivalent to (5). Let us fix any natural
number p. This p and C; from Lemma A define M = 2p + 2 4 log(2C1). We fix m € N that corresponds
to M in the sense of (10). Let ¢ = 2™ — 1 and r = r(q) be defined by (1). We will show that the bound
(W (f,2))®)| < C||f|], is valid for some constant C' = C(p) and all f € £(K), = € R.

Given f and x, let us consider terms of accumulation sums. For fixed s € N we choose j < 2% such that
x € I Fix N with 2" < N < 2" forns,_1 —1<n <ns—1,s0 My +1 < N < N;. For large enough
s the value N exceeds p and q. We take Zy and Zy41, as in Lemma A. By Newton’s representation of
interpolating operators in terms of divided differences, we have

AN js(fyx) = 21, s znvpalf - Qn (o) u(),
where Qn and u are taken as in Lemma 5.2. We aim to show that
N [AQ,(Fo)] < 572 1] (16)

for large s. This gives convergence of the accumulation sums.
For the divided difference we use (4) from [2]:

| fa, o znal FI S 2V 79Il (T0(o)) 7 (17)

where II(Jy) = mini<j<ny1—¢lI(J) for II(J) defined in Lemma B. Fix Z € Jy that corresponds to this set
in the sense of Lemma B.
Applying Lemma 5.2 and Lemma A for z = Z yields

N+1
(- u)P (@) < C6.F, NP CY T di(2, Zn 1) with C =2°(Co + 1) ¢,

k=2

On the other hand, (17) and Lemma B for Jy give

N+1
el 1< 2V AN, T 42 Zhn)
k=q+2
Combining these we see that
q+1
AR, ()] < C NIl 0520 NP 2CON TT di(Z, Z 1) (18)
k=2

Recall that the set Zn 1 includes all points of the type < s+n—1 on I; ; and N4 1—2" points of the type
s+ n. We can only enlarge the product HZi; di(Z, Zn41) if we will consider only distances from Z to points
from Ysi,,—1 NI s. Arguing as in Lemma 4.1, we get HZJ;E di(2,Zn41) < Clsin—1062,, o " 5§I;im We
observe that d1(Z, Zn+1) = 0 is not included into the product on the left side. By (10), Zié di(2,Zn41) <
Cci 5ﬁn.

In order to get (16), it is enough to show that

52 Ny NP (2C)N 627 — 0 as s — oc. (19)
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Here, by (12), Ny NP < 2m(+1) < Jog(1/6,)P+t < 6771 Also, (2C1)N < 65 102200 - Clearly, we can
replace 651, in (19) by 5. Then, because of the choice of M, the product in (19) does not exceed s2 J,,
which approaches 0 as s — oo, since, by (2), d; < 327%.

Similar arguments are used for terms of the transition sums. O

6. Extension of basis elements

An extension operator for the spaces £(K (7)) can also be constructed by means of suitable extensions
of basis elements of the space. It is interesting that for sufficiently small sets with EP both approaches
coincide.

Let eg =1 and ey (z) = Hf[(x —ay) for N € N, where the points (x)7° are chosen on K (v) by the rule
of increase of type. Then, by Theorem 3.3 in [12], (en)F_, is a Schauder basis in (K (y)), provided

VQ Im,ko: Q< Bp_py+---+ By for k> ko. (20)

Thus, in this case, the space possesses a strict polynomial basis. If, in addition,
VYM,Q Im,ky: Q+ M- By, < Bg_m+ -+ B for k> ko,

then one can take simultaneous (suitable for all norms) extensions énx = ey - u(+, oy, K (7)), where 2" < N <
271 The biorthogonal functionals are given by the divided differences Ex(f) = [x1, 22, -+ , N 41]f. Here,
the Mityagin method gives the operator W (f) = >"0° &, (f) -én for f =372 1 &u(f) - €n. In the notations
of Section 4, W(f) = Lo(f,, [1,0) u(-, 1, K(7)) + > ", An1,0(f, "), which is exactly the Pawlucki-Plesniak
operator, if (z))} are the Fekete points on the set. We conjecture that, at least for N = 2", this is the case.

In general, without (20), (en)R_, does not have the basis property. Here a basis can be constructed
by means of local interpolations. The condition (5) provides existence of extensions of basis elements that
correspond to the accumulation sums in (11). However, the terms of transition sums do not have simple
representations in terms of such extensions.

7. Two examples

First we consider regular sequences (By)?2 ;. Let 8 = (log By)/k. We say that (By)72, is regular if,
for some ko, both sequences (By)72,, and (8x)7Z,, are monotone. Recall that (By)g2, has subezponential
growth if B, — 0 as k — oo.

For example, given a > 1, let 7,(61) = k:_“,'yl(f) = a‘k,'yl(f) = exp(—a¥) for large enough k. Then ) for
1 < j < 3 generate regular BY) with B,(Cl) ~ 2 % Laklogk, B,(f) ~27F2 k2 loga, B,(f) ~ (a/2)F*1/(a—1).
Here, B,il), ,(f) S —log2 and B,(f) — —log(a/2), so BY) are not of subexponential growth, except B®) for
a = 2. We see that (5) is valid in the first two cases and in the third case with a < 2.

More generally, (5) is valid for each monotone convergent (By)?2 ;. Indeed, if By N\, B > 0, then LHS of
(5) does not exceed (n+1)"1. If By /' B, then we take so with Bs > B/2 for s > so. Then Bs+ -+ Bgiy >
(n+1)B/2 and LHS of (5) < 2(n+ 1)~!. This covers the case of regular sequences (By)$2, when S are
negative. Let us show that (5) is valid as well for divergent regular sequences (Bj)?2 , of subexponential
growth.

Theorem 7.1. Let (By)32, be reqular with positive values of By. Then (5) is valid if and only if (By)2, has
subexponential growth.
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Proof. A regular sequence (B)%2; is not of subexponential growth, provided S > 0, in the following
three cases: B /< oo, B, /0o and B \( €9 > 0. We aim to show that (5) is not valid under the
circumstances.

In the first case, given s and n, let b = exp Ss4p,. Then b—1 > expf; —1 > 1 > 0 and b < exp 3. Here,

ST By < b5 /(b — 1) as By = exp(kfBy) < b* for such k. Therefore, By ,/ > 3" By > (b—1)/b >
B1/ exp 3, which contradicts (5).

If B, /oo then, by the same argument, Byy,,/ > i By > (b—1)/b > 1/2 for s > s¢, where s is fixed
with exp s, > 2.

Suppose B, \ €0. We fix indices 51 < s3 < --- such that the intervals I; connecting points (s;, 3,;) and
(8541, Bs,,,) form a convex envelope of the set (k, Bx) on the plane. We start from s; = max{s: s = (1 }.
If s; is chosen, then we take s;y1 with he property: for each k with s; < k < 5,41 the point (k, 8) is not
over I;. At any step we can take the next value so large that the slopes of I; increases to zero. In addition,
given s;, we take s;41 such that

(4 - QSj/sj-i'l)BSjJrl > (3 - Sj/sj-‘rl)ﬁsj’ (21)

which is possible as i decreases to a positive limit.

For fixed j, we take s = s; and s + n = s;11. Let B = ak + b with a = —(8s — Beyn)/n and b =
Bs + (Bs — Bsgn) s/n for s < k < s+ n, so the points (k, 3;) are located just on the interval I;. Also, let
g(x) = ax® 4 bxr and By, = exp g(k) = exp(k Bx) on [s, s + n]. Of course, B, = B, and Bs+n = Bsin.

It is easy to check that the function g increases on this interval. Hence, Zk B, < ZH” Bk <
f:+n g(x) dz+ Bs4p. By integration by parts, f;+n g(z)dr = g(n+s)-[2a(n+s)+b =t —g(s)-[2as+b] 7!
2a f:+n g(z)(2az + b)~2dx. We neglect the last term, as a < 0, and the second term, as 2as +b = g¢'(s) > O.
Also, 2a(n+s)+b=(24+5/n)Bstn — (L +s/n)Bs > Bs/2 > €0/2, by (21). Hence fSSJrng(x) dx < 2 Bsin /€0
and Byyn/ S0 By > 0/(2 + €0), so (5) is not valid.

We proceed to show that (5) is valid for S5 N\, 0, that is in the case of subexponential growth of (By)32 ;.
Here, for fixed large s and n, we estimate Z,;s By, from below. Let b = exp Bs4n. Then By > b* for
s < k < s+ n. Therefore, By /> 31" By, < %.

If b™ < 2 for the given s and n then b”Jrl —1> (n+ 1)Bstn- On the other hand, exp Bs1p — 1 < 2 Bstn
for Bs1n < 1. Thus the fraction above does not exceed 4/(n + 1).

Otherwise, b" > 2 and b" < 2(b"*! — 1). Here the fraction does not exceed 4 fs4n. It follows that

Bgin/ S3L" By, < max{4/(n + 1),48,}, which is the desired conclusion. O

Our next objective is to consider irregular sequences (By)72; (compare with Ex.6 in [11]). Given two
sequences, (k;)%2, C N with kj1 — k; 7 0o and (g5)52, with g5 \, 0, let 7 = (k4 5)72 for k # k;
and i, = (k;j + 5) %¢;. Then v satisfies (2) with &, = (5!/(k + 5)!)?e1e2---¢; for kj < k < kj41. Let
Aj :=log ﬁ We will consider only sequences with the property

]HA — 0 as j — oo. (22)

Provided this condition, By = 2% log "2 4 2-%=1 A, ~ 27F=1 A; for k; < k < kj41. In addition, an easy
computation shows that for large 7,

Bk’]‘ —|—Bk].+1 +"'+Bkj+1—1 < 3Bk_7~~ (23)
Now we can construct different examples of compact sets K () without extension property.

Example 2. Let A; = 2%, 50 ¢; = exp(—2% + 2%-1) for j > 2 and &; = exp(—2F1). In this case, (22) is
valid under mild restriction 275 k2, — 0 as j — oo. Let us take s = kj,n = kjy1 — kj. Then Byy, >
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27kit1=1 A,y =1/2 and, by (23), Bs++++Bsin_1 < 3Bs <4-27%~1 4; = 2. This gives (8) withe = 1/4
and m = 0.

8. Extension property of K (vy) and Hausdorff measures

From now on, h is a dimension function, which means that h : (0,7") — (0, 00) is continuous, nondecreas-
ing and h(t) — 0 as t — 0. The h-Hausdorff content of E C R is defined as

Mh(E) = lnf{ZhﬂGZD FE C UGl}
and the h-Hausdorfl measure of E is
— limi 1 - . | < 5.
An(E) 11g§gf{2h(|cz\) E C UG, |G| < 6}

Here we consider finite or countable coverings of E by intervals (open or closed).

It is easily seen that My (E) = 0 if and only if A, (E) = 0. We write hy < ho if hi(t) = o(ha(t)) as t — 0.
Let hy =~ ho if C71hi(t) < hy < Chy(t) for some constant C' > 1 and 0 < t < to < T'. We will denote by hg
the function ho(t) = (log )" with 0 < t < 1, which defines the logarithmic measure of sets.

A set FE is called dimensional if there is at least one dimension function h that makes E an h-set, that is
0 < Ap(F) < 0. In our case, the set K (7y) is dimensional. In [1], following Nevanlinna [15], the corresponding
dimension function was presented. Let n(dx) = k for k € Z; with o := 1 and n(¢) = k + log 57’“/ log 5&1
Ok+1 <t < dk. Then h(t) := 2711 for 0 < t < 1. Clearly, h(6;) = 27%.

for

Lemma 8.1. Let 7y satisfies (2) and h be defined as above. Then Ap(K (7)) = 1.

Proof. Take t = Cy 0y, where Cj is given in (3). Then d§ < t = Cp g 0p—1 < 0x—1 for large enough k. Here,

n(t) = k —log Cy/log(1/v;) and h(t) = 27% a with ay := exp %. Since v — 0, given £ > 0, there

is ko such that ax < 14 ¢ for k > ko. From (3) it follows that 1 = 2% h(d;) < Zfil h(ljx) < 28R(t) <
1 4 € provided that k > kq. Of course, Ap(K(7)) < ijzl h(l; ) for each k. Since ¢ is arbitrary, we get
An(K(y)) < 1.

Let us show that Ap(K (7)) > 1. Fix € > 0 and choose kg such that

e log 1/~ > —log2-log(l — 4vy) for k> ko. (24)

This can be done as vy, — 0. Take any open covering UG; of K (). Given ¢, we can consider coverings only
with |G;| < d, for each i. We choose a finite subcover UY;G; of K(v).

Fix ¢ < N and k with 0p41 < |Gi| < dk. By (3) and (4), the distance between any two basic intervals
from Ejy1 exceeds (1 — 47yg41)0k. If |G;] < (1 — 4yg41)dx then G; can intersect at most one interval from
Ej41. In this case we can consider only |G;| < maxy<j<or+r ljry1 < Codry1, by (3). Thus there are two
possibilities: dx1 < |G;| < Colpr1 or (1 —4dvyi11)0k < |Gi| < 0.

In the first case we have h(|G;|) > 27%~L. Here, G; intersects at most one interval from Ej; and, by
construction, at most 2™~ *~1 interval from E,, for m > k. In turn, in the latter case, h(|G;|) > 27%(1 —¢).
Indeed, here, n(|G;|) < k—log(1—4vs41)/log(1/vk+1) and h(|G;|) > 27 a, where a = exp W >
(1 —¢€), by (24). Now G, intersects at most two interval from Ejy; and at most 2™ % interval from E,),.

Let us choose m so large that each basic interval from F,, belongs to some G;. We decompose all
intervals from FE,, into two groups corresponding to the cases considered above. Counting intervals gives
om < yrom—k—l 4 ShTom—k < om SV h(|Gy|) + 07 h(|Gi])(1 — &) !]. From this we see that >, h(|G;]) >
1 — ¢, which is the desired conclusion, as € and (G;) here are arbitrary. O
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The same reasoning applies to a part of K () on each basic interval.
Corollary 8.2. Let v and h be as in Proposition above, k € N,1 < j < 2. Then Ap(K(y) N1I; ;) =27*.
Theorem 8.3. Suppose v satisfies (2), h is defined as above and K(v) is not polar. Then jirx = Ap|g(y)-

Proof. Here, by Corollary 3.2 in [1], pg () (Ljx) = 27%_ so the values of Mi () and the restriction of Ay on
K () coincide on each basic interval. From here, by Lemma 3.3 in [1], these measures are equal on K(vy). O

Thus, a non-polar set K () satisfying (2) is indeed equilibrium Cantor-type set if we accept for definition
of this concept the condition pux = Ap|x(y), which is more natural than the definition suggested in [10],
Section 6.

We recall that there is no complete characterization of polarity of compact sets in terms of Hausdorff
measures, see e.g. Chapter V in [15]. On the one hand, a set is polar if its logarithmic measure is fi-
nite. This defines a zone Z,, in the scale of growth rate of dimension functions consisting of h with
liminf, .o h(t)/ho(t) > 0. If h € Z,,; and Ap(K) < oo then Cap(K) = 0. On the other hand, functions
with [, h(t)/t dt < oo form a non-polar zone Z,,: if h € Z,, and Ay(K) > 0 then Cap(K) > 0. But, by
Ursell [22], the remainder makes up a zone Z,, of uncertainty. One can take two functions in this zone with
he < hy and sets Ky, Ko, where K is a hj-set, such that Ky is polar, K; is not, though in the sense of
Hausdorff measure the set K is larger than K;. Indeed, Ay, (K2) > 0, but Ay, (K71) = 0 or Ay, (K2) = oo,
but Ah1 (Kl) < 00.

Let us show that a similar circumstance is valid with the extension property.

Proposition 8.4. There are two dimension functions hy < hi and two sets K1, Ko, where K; is an hj-set
for j € {1,2}, such that the smaller set Ky has the extension property, whereas the larger set Ko does not.

Proof. Take K from Example 1. Let us show that the corresponding function hy = 2~ is equivalent to hyg.
It is enough to find C' > 0 such that 19 (t) —C < 11 (t) < no(t)+C for small t. Here, no(t) = (loglog1/t)/log2,
s0 ho(t) = 27, For the set K; we have 6, = exp(—2Ft1B) and 1y(0x,) = k+log2B/log 2. If 51 < t < Jy,
for some k, then k < n;(t) < k+1 and k+1log2B/log2 < ny(t) < k+1+1log2B/log?2, which gives hy = hyg.

In turn, let K2 be as in Example 2 with A; = 2% 277 and ¢; = exp(—A; + Aj11) for j > 2. Here
we suppose that (k;)72, satisfies 2 ki 27 kaﬂ — 0 as j — oo. Then (22) and (23) are valid, which, as
in Example 2, gives the lack of the extension property for Kj. Let us show that he < hg. It is enough
to check that n2(t) — no(t) — oo as t — 0. Let 6y < t < 0,1 with k; < k < kj;1 for large enough j.
Then log1/6, = 2log((k + 5)!/5!) + A; < 24, and no(t) < no(dx) < kj +1 — j. On the other hand,
N2(t) > 1n2(dk—1) = k — 1 > k; — 1. Therefore, n2(t) — no(t) > j — 2, which completes the proof. O

One can suppose that, at least for the considered family of sets, the scale of growth rate of dimension
functions can be decomposed as above into three zones. If K (7) is an h-set for a function h with moderate
growth then the set has EP. If the corresponding function h is large enough, then EP fails. Proposition
above shows that the zone of uncertainty here is not empty.

We see that h = hg is not the largest function which allows EP for h-sets K(v). If we take By, /' oo of
subexponential growth, as in the regular case, then & = exp(—2**1By) and ho(d) = 2*’“*13;1, which is
essentially smaller than h(8;) = 27% for the corresponding function h.

Example 3. Let log,,) ¢ denote the m-th iteration log---log¢ for large enough ¢. The sequence By =
exp(k/ log ;) k) has subexponential growth. Then the corresponding sequence (yx)72; satisfies (2), as for
large k we have v, = 6, /0x—1 < exp(—2¥By) < exp(—2F) and for the previous k we can take v, = 1/32.
By Theorem 7.1, the set K () has EP. Let us find a dimension function A that corresponds to this set.
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We will search it in the form h(t) = hg(t)(t). Let t = 6. Then log 1/t = 271 By so k ~ (loglog1/t)/ log 2.
On the other hand, h(t) = 27 = (281 By)=*® | which gives a(t) ~ 1 — (log2 - 108 (1) k)™t ~1—(log?2 -
108 (142) 1/t) 1. Clearly, h = ho.

The next Proposition generalizes Example 3. We restrict our attention to strictly increasing functions
h of the form h = h§, where « is a monotone function on [0,%g]. As we will be interested in considering
dimension functions exceeding hg in the next sections, let us suppose that «(t) < 1. Then h > t° for each
fixed o > 0.

In addition we assume that asymptotically

h(t) < 2h(82), (25)
which is valid for typical dimension functions corresponding to the cases

a) a(t) =ap € (0,1],
b) a(t) = ap + &(t) with o € [0,1),
¢) a(t)=1-—c¢(t).

Here,
e(t) \y0 with e(t) loglogl/t /oo as t\,0, (26)

since for slowly increasing € we get h®0*¢ ~ hg°.

By (25), for the inverse function h~!, we have h=1(7) < (h71(27))? and h=! < 7M for M given
beforehand. From this, v, = h~1(27%)/h~1(27%*+1) defines a sequence satisfying (2). We denote the
corresponding set by K“(v). Our aim is to check EP for this set provided regularity of the sequence
By = 27%"1log(1/h~1(27%)). We see at once that By, increases. In its turn, B¢ \, 0 if ap = 1 in the case
(a), B /*1/ap—11n (b) and in (a) with oy < 1. Concerning (c), the monotonicity of ) requires additional
rather technical restrictions on . At least for (t) = e, (t) := (10g(,,) 1/t)~" we have B N\, 0. Here, m > 3,
as h = ho for m € {1,2}.

Proposition 8.5. Let K*(vy) be defined by a function h, as above, with a regular sequence (By)3,. Then
K%() has the extension property if and only if

1/k
<logm> — 2 as k — oco.

Proof. Let us find h™! for the case a(t) = 1 —&(t). If h(t) = 7 then [1 — e(t)]loglog1/t = log1/7. Let
us define a function ¢ by the condition loglog1/t = [1 + §(7)]log1/7. Then [1 — &(¢)][1 + 6(7)] = 1, so
§(r) \y 0 as 7 N\, 0. Then t = h=1(7) = exp[—(1/7)* )] and log(1/h~1(27F)) = 2kA+627") The
k-th root of this expression tends to 2. On the other hand, (By)g, here has subexponential growth as
Br = (6(27%) — 1/k)log2 — 0. By Theorem 7.1, K%() has EP.

Similarly, if a(t) = ao + €(t) with 0 < ag < 1 then h~'(r) = exp[—(1/7)/* %] Here,
(log(1/h=1(27%)))V/k = 2(1/«0=32"") ., 2 and B — 0, there is no EP. In the case (a), the function
¢ vanishes.

Lastly, a9 = 0 in (b) gives h='(7) = exp[—(1/7)2(7)] with A(r) S oo as 7 \, 0. Here,
(log(1/h~1(27*))V/* — o0 and By, — c0. O
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9. Extension property and densities of Hausdorff contents

To decide whether a set K has EP, we have to consider a local structure of the most rarefied parts
of K. Obviously, such global characteristics as Hausdorff measures or Hausdorff contents cannot be applied
in general for this aim. Instead, one can suggest to describe EFP in terms of lower densities of M} or
related functions. Given a dimension function h, a compact set K, x € K and r > 0, let ¢p, x(z,7) =
Mp(K N B(x,r)) and ¢p k(r) = infyex on x(z,r), where B(x,r) = [z — r,z + r]. One can suppose
that K has E'P if and only if the corresponding function ¢y, i is not very small, in a sense, as r — 0.
Essentially, this is similar to analysis of the lower density of the Hausdorff content, which can be defined
as ¢p(K) := liminf, ¢ inf,cx %. Indeed, My (B(z,r)) = h(2r) for h with h(t) = t and the

expression above is liminf,_,q Sa}’;(gr(; ),

In order to distinguish EP by means of ¢, we have to consider large enough dimension functions h.
Indeed, if for some hy with hy > h there exists hi-set K; with EP, then h cannot be used for this
aim, because Ap(K71) = 0 implies M, (K;) = 0 and the corresponding density vanishes contrary to our
expectations. Therefore, we can consider only functions exceeding hyg.

We remark that Ap-analogs of ¢ x or ¢, cannot be applied in general for distinguishing £ P, since for
fat sets (K = Int(K)) we have Ay (K N B(z,r)) = oo provided h(t) > t.

Interestingly, it turns out that the lower density ¢; can be used to characterize EP for the family of

compact sets considered in [6].

Example 4. Given two sequences by N\, 0 (for brevity, we take b, = e %) and Qp  with Qn > 2, let
K ={0}U U:‘;l Iy, where Iy, = [ag, bi], | 1] = bg’“. In what follows we will consider two cases: Qp < @ with
some @ and Qi ' oo with Qx < logk for large k. By Theorem 4 in [6], K has the extension property in
the first case and does not have it for unbounded (Qy).

In the next lemma we consider concave dimension functions h = h§ for the cases (a), (b), as above, and
for more general

) a(t) = ag — e(t) with o € (0,1].

We suppose now that € is a monotone differentiable function on [0,%p] with 0 < &(¢) < 1 — «p in (b) and
0 <e(t) < ap/2in (¢’). As before, we assume (26). A direct computation shows that

B'(t) < h(t) ho(t) a(t)/t for the cases(a), (b) and h'(t) < h(t)ho(t)/t for (c’). (27)

Lemma 9.1. Suppose intervals Ij, are given as in Example  and n is large enough. Then M (U2 Ii) =
h(by,). This means that the covering of the set Uy I by the interval [0,b,] is optimal in the sense of
definition of Mjy,.

Proof. Let us fix a covering of K by open intervals, choose a finite subcovering UM, G; and enumerate G;
from left to right. We can suppose that G covers U2 1) for some N > n. Indeed, if G covers as well
some part of Iy_1, then other part of Iy_; is covered by Gs. In this case, association of G; and G5 into
one interval will give better covering, since h(b) < h(z) + h(b — z) for 0 < x < b, by concavity of h. For
the same reason, we suppose that each G; covers entire number of Ij. After this we reduce each G; to the
minimal closed interval F; containing the same intervals I,. Thus, Fy = [0,by] and F» = [an_1,b,] with
some n < ¢ < N — 1. Our aim is to show that

h(bg) < h(bn) + h(by —an—1), (28)
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so replacing Fy U Fy with [0, b,] is preferable. We use the mean value theorem and the decrease of h'. Note
that h(by) = k=2Or),

Consider first the value ¢ = N — 1. We will show h(bny_1) — h(bn) < h(|In_1]).

In the cases (a), (b), by (27), LHS < W(bn)e N(e—1) < N"172Cx)q(by)(e — 1). On the other hand,
h(|In-1]) = [QN (N — 1)]72UIn=1D Here, a(|Iny_1]) < a(by), so we reduce the desired inequality to
(Qn_1/N)*CN) (b )(e —1) < 1. Tt is valid, since for oy > 0 the first term on the left goes to zero, whereas
for ap = 0 in (b) we have a(by) = e(by) — 0 as N — co.

Similarly, in the case (¢’) the inequality [Qn_1(N — 1)]*0—=(Hn-1D (e — 1) < NH+a0=2bx) jg valid, as is
easy to check.

Suppose now that ¢ < N — 2. We write (28) as h(by) — h(bg —an—1) < h(bn).

Here, in all cases, by (27), LHS < I(bg —an—1)an—1 < h(bq)ho(bq)l}(ltl_]\;ﬁ, where the last fraction
. On the other hand, h(by) > N~! as a(by) < 1. Hence it is enough to show
that N < (eN—4~ 8 1) q1+‘1 . We neglect a(b,) and notice that (eV=971 —1)¢ > (e — 1)(N — 2), which
completes the proof of (28).

Continuing in this manner, we see that h(b,) < Z LR(F]). O

does not exceed

Corollary 9.2. Suppose by,11 <1 < b, —byy1. Then pp k(1) = h(|L,]).

Proof. Clearly, ¢, i (z,7) = h(|I,]) for each z € I,,. If x € K N[0, by+1] then B(z,r) covers all intervals
I, with k > n+ 1. By Lemma, @5 g (z,r) = h(bpt1) > h(|1,]). Of course, for z € I;, with k < n the value
on k(z,r) also exceed h(|I,]). O

Remark. The covering of two (or small number of) intervals Ij, by one interval is not optimal, since My (I U
Tepr) = A(Ik]) + Pk ]) < To(br — art1)-

We proceed to characterize E'P for given compact sets in terms of lower densities ¢}, for h = h§, where
a(t) = ap € (0,1] or at) = ap £ (1) (29)
with 0 < ap < 1 and &5, (t) = (log,,) 1/t) 7" for m > 2, s0 (26) is valid.

Proposition 9.3. Let K be from the family of compact sets given in Example J and h be as above. Then K
has the extension property if and only if ¢n(K) > 0.

Proof. Suppose first that Q; < @ with some @, so K has EP. We aim to show liminf,_,q “OZ’(;(;) > 0.
Let e *=1 < 7 < e7* for some k. Then, as ¢, ;¢ increases, pn i (1) > n.x(e*~1), which is h(|Ix]) =
(k- Qi) by Corollary 9.2. On the other hand, h(2r) < h(2¢~*) = (k — log 2)’a(26_k). Therefore,

nic (1) /h(2r) > Q"I o@D =alld (1 —log 2/k)=e @),

The first term on the right converges to Q@~“° as k — 0o. The second and the third terms converge to 1.
Hence, ¢p,(K) > Q~*°. Besides, this value is achieved in the case Qx = @ by the sequence ry = by — bgt1-
Thus, ¢p(K) =Q~* > 0.

Similar arguments apply to the case Qp " oo, when K does not have EP. Here, ¢p(K) <

limy, @p, 1 (r)/h(2ry) for 74 as above. By Corollary 9.2, ¢p, i (r) = h(|Ix|). Also, h(2ry) > h(e™"). Hence,
on k(re)/R(2r) < Q,;a"/z k(e =a(llkD) | which converges to 0 as k increases. 0O

Corollary 9.4. Given h, as above, for each o > 0 there is a compact set with EP such that 0 < ¢p(K) < 0.
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Remark. For this family of sets, the extension property can also be characterized in terms of the Lebesgue
linear measure A. Let A(r) := inf,cx A(K N [z — 7,2 + r]). Then K has the extension property if and only
if lim inf, o A(r) - 7~ > 0 for some Q.

Nevertheless, at least for dimension functions h = h§ with « as in (29), there is no general characterization
of E'P in terms of lower densities ¢y. In view of Example 3 and the discussion in the beginning of the section,
the value ag = 1 can be omitted from consideration.

We now treat regular sets K () with 6, = exp(—b*). Here, By = 271(b/2)*. By Theorem 7.1, K(7) has
EP if b =2 and does not have it for b > 2.

Lemma 9.5. For each constants C > 1 and h, as above, there is b > 2 such that h(Cdy) < 2h(dx+1) for large
enough k. This inequality is also valid for b = 2.

Proof. In all cases we have h(d;) = b~F*(%) and the desired inequality has the form
plkHDalrin) < 9 (pk —1og C)*(Co%), (30)

Suppose @ = ag. Then (30) is valid as b < 2(1 — b *logC) for large k and b = 2 + o with small
enough o. All the more, it is valid for b = 2.

The same reasoning applies to the case o = ag + ¢(t) with € 7 as e(dk41) < €(Coy).

In the last case a(t) = ap — e (t) we use the following simple inequality

10g ;) (C) — 108 ;) (x) < log C - [log - logg) (a) - - 10g 1 ()] ",

which is valid for all z from the domain of definition of log,,,. From this we have k - [¢(Cdx) — &(dx+1)] — 0
as k — oo and (30) can be treated as in the first case. O

Corollary 9.6. Let k be large enough. Then the covering of each basic interval I, of K(v) by one interval
is better (in the sense of definition of My ) than covering by two adjacent subintervals.

Indeed, by (3), A(ljx) < h(Codk) < 2h(bk+1) < hllzj—1,k41) + hl2jk+1)-

Remark. It is essential that coverings of a whole basic interval are considered. For example, for the set
I U I3 11 we have h(li i) + h(l3.x+1) < h(b3k+1), which corresponds to the covering of the set by one
interval.

Proposition 9.7. Let h = h§ with a as in (29) and K(v) be defined by 8 = exp(—bF) with b > 2. Then
On(K (7)) =b=.

Proof. For brevity, we denote here K(v) by K. Fixx € K. Let x € I, C I, —1 and Cy 0 <7 < 7/8-0p_1.
Then, by (3), ljx <7 < hir—1 and K N[z —r,z+ 7] = KNI} Arguing as in Lemma 9.1, by Lemma 9.5,
we get ¢p, i (z,7) = h(lj ). Therefore, by monotonicity, h(dx) < ¢n,x(x,r) < h(Cody) for each z € K.

We proceed to estimate ¢, (K) from both sides. Suppose that Cydr < r < Cp - dx—1 for some k. Then
h(0x) < @n,x(r) < h(Cobr—1) and

hok)  _ enr(r) _ MCodr-r)
h(2Co0r—1) ~ h(2r)  h(2Cook)

Here, 6 = 52_1. Analysis similar to that in the proof of Lemma 9.5 shows that the first fraction above has
the limit b~*°, whereas the last fraction tends to b*® as k — oo. Moreover, the value b~ can be achieved
as limy, ¢p, i (1) /h(2ry) for ry, =7/8 - 6k—1. O
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Comparison of Propositions 9.3 and 9.7 shows that, for given dimension functions, lower densities of
Hausdorff contents cannot be used in general to characterize the extension property. Indeed, let us take
K(v), as above, with b > 2 and K, as in Example 4, with @ > b. Then ¢, (K) < ¢,(K (7)) in spite of the
fact that K has EP, whereas K(v) does not.

10. Extension property and growth of Markov’s factors

Let P, denote the set of all holomorphic polynomials of degree at most n. For any infinite compact set
K C C we consider the sequence of Markov’s factors

Mn(K) = 1nf{M |P/|0’K < ]\4|I)|0’K7 Pe Pn}

for n € N. We see that M, (K) is the norm of the operator of differentiation in the space (P, |- |o,x). We say
that a set K is Markov if the sequence (M, (K)) is of polynomial growth. This class of sets is of interest to
us, since, by W. Plesniak [17], any Markov set has EP. On the other hand, there exist non-Markov compact

sets with EP ([5,2]). We guess that there is some extremal growth rate (m, )52, with the property: if, for
some compact set K, M, (K)/m, — oo as n — oo then K does not have EP. The next proposition asserts
that here, as above, there is a zone of uncertainty, in which growth rate of Markov’s factors is not related

with EP. In this sense, it is an analog of Proposition 8.4.

Proposition 10.1. There are two sets K1 with EP and Ko without it, such that M, (K1) grows essentially
faster than M, (K2) as n — oo.

Proof. By Theorem 6 in [10], My (K (7)) ~ 2/d%. By monotonicity, &, * < M, (K (y)) < 46,;_&1 for 28 <n <
2k+1 with large enough k. As in Proposition 8.4, we take K; from Example 1, so (5,(61) = exp(—2¢*1B) with
B > 1. Also, we use K from Example 2 with A; = 2% . For simplicity, we fix k; = j? that satisfies (22).
Here, 5,22) >k 2k e1ey-- -g; for kj <k < kji1. We aim to show that M, (Ks3)/M,(K;) — 0 as n — oco. Let
us fix large n with 28 < n < 28+ For this k we fix j with kj <k <kjyi. Then

M, (Ks) /My (Ky) < 4617 /612, (31)

Suppose first that k < k;41—2. Then RHS of (31) does not exceed 4 exp[—2*"1B+2(k+1) log(k+1)+4,].
The expression in brackets is smaller than 2 (1 — 2B) + k2, ,, which is (j +1)* — (2B —1) 29°so it tends
to —oo as j — oo.

If K = kjy1 — 1 then RHS of (31) is smaller than 4 exp[—2%+1 B + 2k;1logk;j+1 + Aj11], which goes
to 0, since B > 1. This completes the proof. O

Existence of a zone of uncertainty (for the extension property) in the scale of growth rate of Markov’s
factors implicates the problem to find boundaries of this zone.

References

[1] G. Alpan, A. Goncharov, Two measures on Cantor sets, J. Approx. Theory 186 (2014) 28-32.

[2] M. Altun, A. Goncharov, A local version of the Pawlucki-Plesniak extension operator, J. Approx. Theory 132 (2004)
34-41.

[3] L. Frerick, Extension operators for spaces of infinite differentiable Whitney jets, J. Reine Angew. Math. 602 (2007) 123—-154.

[4] L. Frerick, E. Jorda, J. Wengenroth, Tame linear extension operators for smooth Whitney functions, J. Funct. Anal. 261 (3)
(2011) 591-603.

[5] A. Goncharov, A compact set without Markov’s property but with an extension operator for C°°-functions, Stud. Math.

119 (1996) 27-35.


http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4A4154s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4147s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4147s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib46s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib464A57s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib464A57s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib53544Ds1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib53544Ds1

A. Goncharov, Z. Ural / J. Math. Anal. Appl. 448 (2017) 357-375 375

[6] A. Goncharov, M. Kocatepe, Isomorphic classification of the spaces of Whitney functions, Michigan Math. J. 44 (3) (1997)
555-577.

[7] A. Goncharov, Extension via interpolation, Orlicz centenary volume. II, Banach Center Publ. 68 (2005) 43-49.

8] A. Goncharov, Bases in the spaces of C*°-functions on Cantor-type sets, Constr. Approx. 23 (3) (2006) 351-360.

[9] A. Goncharov, On the geometric characterization of the extension property, Bull. Belg. Math. Soc. Simon Stevin 14 (2007)
513-520.

] A. Goncharov, Weakly equilibrium Cantor-type sets, Potential Anal. 40 (2014) 143-161.

] A. Goncharov, Best exponents in Markov’s inequalities, Math. Inequal. Appl. 17 (4) (2014) 1515-1527.

]

]

A. Goncharov, Z. Ural, Bases in some spaces of Whitney functions, submitted for publication.

R. Meise, D. Vogt, Introduction to Functional Analysis, Oxf. Grad. Texts Math., vol. 2, The Clarendon Press, Oxford

University Press, New York, 1997, x4437 pp.

[14] B.S. Mityagin, Approximate dimension and bases in nuclear spaces, Russian Math. Surveys 16 (4) (1961) 59-127.

[15] R. Nevanlinna, Analytic Functions, Grundlehren Math. Wiss., vol. 162, Springer-Verlag, New York, Berlin, 1970,
viii4+-373 pp.

[16] W. Pawtlucki, W. Plesniak, Extension of C* functions from sets with polynomial cusps, Stud. Math. 88 (1988) 279-287.

[17] W. Plesniak, Markov’s inequality and the existence of an extension operator for C*° functions, J. Approx. Theory 61
(1990) 106-117.

[18] T. Ransford, Potential Theory in the Complex Plane, London Math. Soc. Stud. Texts, vol. 28, Cambridge University
Press, Cambridge, 1995, x+232 pp.

[19] R.T. Seeley, Extension of C*° functions defined in a half space, Proc. Amer. Math. Soc. 15 (1964) 625-626.

[20] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ. Press, 1970, xiv+290 pp.

[21] M. Tidten, Fortsetzungen von C'*°-Funktionen, welche auf einer abgeschlossenen Menge in R™ definiert sind, Manuscripta
Math. 27 (1979) 291-312.

[22] H.D. Ursell, Note on the transfinite diameter, J. Lond. Math. Soc. 13 (1938) 34-37.

[23] D. Vogt, Sequence space representations of spaces of test functions and distributions in functional analysis, in: G.1. Zapata
(Ed.), Holomorphy and Approximation Theory, in: Lect. Notes Pure Appl. Math., vol. 83, 1983, pp. 405-443.

[24] H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans. Amer. Math. Soc. 36 (1934) 63-89.


http://refhub.elsevier.com/S0022-247X(16)30683-7/bib474Bs1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib474Bs1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib455649s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4341s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4550s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4550s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib47s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4D4941s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4D56s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4D56s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4Ds1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4Es1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib4Es1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib5050s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib50s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib50s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib52s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib52s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib5345s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib5354s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib54s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib54s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib55s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib56s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib56s1
http://refhub.elsevier.com/S0022-247X(16)30683-7/bib57s1

	Mityagin's extension problem. Progress report
	1 Introduction
	2 Three methods of extension
	3 Notations and auxiliary results
	4 Extension operator for E(K(γ))
	5 Extension property of weakly equilibrium Cantor-type sets
	6 Extension of basis elements
	7 Two examples
	8 Extension property of K(γ) and Hausdorff measures
	9 Extension property and densities of Hausdorff contents
	10 Extension property and growth of Markov's factors
	References


